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Conclusions

The paper has studied the optimal low-thrust Earth-moon target-
ing strategy for the n-body problem. First, the optimal, low-thrust
reference Earth-moon trajectory is established. Then, taking the os-
culating orbital elements as the independent variables and adjusting
the optimal low-thrust, reference Earth-moon trajectory with the dif-
ferential correction algorithm, we achieve the targeting parameters.
The numerical results confirm the algorithm works successfully.
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Range, Range Rate, and Acceleration
Computation for Inclined
Geosynchronous Orbit
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Nomenclature

i = inclination angle of the geosynchronoussatellite

R = position vector of the geosynchronoussatellite with
respect to a ground location

R; = position vector of the ground location relative to the center
of the Earth

R; = position vector of the geosynchronoussatellite relative to
the center of the Earth

R = velocity vector of the geosynchronoussatellite with
respect to a ground location

R = velocity vector of the geosynchronoussatellite

r = range of the geosynchronoussatellite with respectto a
ground location

re = radius of Earth, approximately 6378 km

rg = geosynchronousorbital radius, approximately 42,165 km

r = range rate of the geosynchronoussatellite with respect to a
ground location

Fmax = mMmaximum range rate for all possible ground locations
within the field of view of the satellite

Fmax1 = mMmaximum range rate for one single ground location

t = time elapsed since passage of satellite from the ascending
node

n = latitude
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0 = central angle between satellite and ground unit position
vectors
A = longitudinal displacementfrom the ascending node
0} = angular rate of Earth as well as geosynchronousorbit
Introduction

HIS Note derives closed-form solutions for range, range rate,

and range acceleration between an inclined geosynchronous
satellite and locations on the ground surface. The motivation of
this exercise is to avoid the complexities of numerical analyses (for
example,in FORTRAN) by instead using a simple algebraic formula
solution amenable for easy use (for example, in spreadsheets). A
practical reason for why this calculation is useful is the need to
know the maximum Doppler shift for devices for communication
gateways as part of the filter bandpass design specification.

The coordinate system is defined. Each ground location is speci-
fied by its latitude and longitudinaldisplacementfrom the ascending
node. Closed-form equations for range, range rate, and range accel-
eration are then given. An expression for maximum possible range
rate is also derived. The resulting solutions are simple algebriac
expressions.

These results are potentially useful for several commercial satel-
lite communication programs thatemploy constellationsof inclined
geosynchronous Earth orbit (GEO) satellites. This calculation has
not been previously published' =3 (Wertz, J. R., private communi-
cation).

In ourmodel, we assume the Earthis a perfect sphereand it rotates
at the same angular rate as the Earth. The vectors R, R, R, R, and
R are defined in a coordinate system that rotates with the Earth
and are shown in Fig. 1. Its x axis points toward the ascending node
and its z axis points toward the north pole.

Range and Its Derivatives

The position vectors of the ground location and the satellite are
as follows:
cosAcosn
R; =rg | sinicosn D

sinn

{1 + cos(i) + [1 = cos(i)] cos(2at)}
—1[1 = cos(i)] sin(2or) )
sin(i) sin(t)

Ry =g

RZRS—RG (3)

The range between the ground location and the satellite is given
by

r=riHrl = 2rsrgA = rg/ 1+ (16l 15)? = 2(rg/ r)A  (4)

where

A = L cosAcosn[l + cos(i)] + sinnsin(i) sin(or)
+ 2 cosnl1 — cos(i)] cos(A + 201) 5)
The ratio of ranges is defined as follows:
B=rglrs (6)
Because the satellite is always above the surface of the Earth,
0<pB<l1 @)
The range is, therefore, given by
r=rey/1+ B> =284 8)
The velocity vector of the satellite is given by
—2[1 — cos(i)] sin(2er)

R=Rs=rso %{1 + cos(i) — [1 — cos(i)] cos(wt)} 9)
sin(i) cos(t)
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Fig. 1 Position vectors of the satellite and ground; ground point P on the surface of the Earth moves toward the satellite with relative angular

velocity wg.

The factors % are there because Ry is not an inertial vector. Its
derivative Ry is the time derivative plus the cross product of the
Earth’s angular velocity wg and Ry.

The range rate between the ground location and the satellite is

_R-R_rsrcco B

I3 B=rqgw (10)

r r

where
B = —sinnsin(i) cos(wt) + cosnl1 — cos(i)]sin(A + 2wt) (11)

Note that B = —dA/dt/ w. The range accelerationis given by
? 241
;= © Pre )3<ﬂﬂ C—2AC—B2>

(V/1+p>-2pA
rsrccoZC — 72

= (12)

r

where
C = sin(n) sin(i) sin(et) + 2 cos(m)[1 — cos(i)](cos A + 2mt)
(13)

Note that C =dB/dt/ .

Maximum Range Rate

When the range rate atany geographiclocationis at its maximum,
we must have

F=0 (14)
With Eq. (12), we derive
[(B* + 1)/BIC = 2AC — B> =0 (15)

Also, when the maximum occurs, the value of this maximum must be

fmaxlzw\/rSrGC (]6)

Solving Eq. (16) for the time of maximum range at any location
in closed form is hard, but finding the maximum range rate among
all ground locations could be relatively easy. To derive this, we have
to realize that A is really the cosine of the central angle 0 between
satellite and ground unit position vectors or dot product of these two
unit vectors:

A = cos(0) (17
B = —(A/ ) = sin(6)(0/ ) (18)
Therefore,
B? = (1 — A%)(6/ w)® (19)
Substituting Eq. (19) in Eq. (15), we have
N\ 2
“=1 i][; ff;fm (%) 20)

Equation (20) consists of two factors that are independentvariables.
The first factor (1 — A2)B/(1 + B> — 2B A) is a function of angular
separation between ground and satellite vectors. The second factor
(0/ w)? is the rate of change of this angular separation. We will treat
them independently. We look for separate maxima for these two
factors. The maxima do not necessarily have to occur at the same
point on the orbit (although they did for all cases where we did a
numerical and closed-form solution comparison). In any case, an
upper bound to the point of physical maximum is mathematically
determined.

We take the derivative with respect to A and set it to zero to
determine C,,y,

. 2

oC 1-A - A

A _pU=ABB=A(6Y _
24|, (1+p2—2BA2 \

There are two solutions. For the satellite above Earth,

A=p (22)
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For the satellite below Earth,

A=1/B (23)
Only the first solution is physically meaningful due to Eq. (7). In
fact, for all ground points within the field of view of the satellite, it
must be true that 1 >A >f. When the second factor of Eq. (20) is

examined, its maximum value correspondsto the maximum angular
rate between the ground and satellite vectors:

6/ ®)? = (wp/ ®)? (24)

where wy is the relative angular rate.
The relative angular velocity of any ground point relative to the
satellite is given by

WR =wWg — Wy (25)

Now examine the relative angular rate,

og = lwrl = VIwel? + lwsl? = 2we - ws = 0y/2[1 = cos(i)]

(26)
Therefore
0/ ©)* = (wg/ ®)* = 2[1 = cos(i)] (27)
Substituting Eqs. (22) and (27) in Eq. (20) yields
Crnax = 2B[1 = cos(i)] (28)

Thus, the maximum range rate among all ground points within the
field of view of the satellite becomes

Fax = O~/ FstGCrax = Fg @/ 2[1 — cos(i)] = rgwsin(i)

for i1l (29

We can also derive the preceding maximum range rate results
with anotherapproachthatis less mathematically rigorous, yet more
physically insightful, as follows.

The Cartesian position vector R of any ground point depends
on time, its longitude, and its latitude. It is not a simple func-
tion. However, if we look at the kinematics of all ground points
from the angular velocity perspective, it is actually very simple. All
ground points have the same instantaneous angular speed because
they are part of one single rigid body. Yet the axis of this angu-
lar velocity oscillates from the satellite’s point of view due to its
motion.

From Fig. 1, we can see that all ground points within the field
of view of the satellite are moving at the angular rate wg. There
is only one possible point P moving away from the satellite at the
maximum speed or range rate r wg. Therefore, we conclude that

fmax =TgWOp = TG W/ 2[1 - COS(i)] (30)

which is the same result as Eq. (29) derived earlier. For the example
of a GEO satellite orbit with inclination 5.3 deg, the maximum
possible range rate is given by 7., = 0.043 km/s.

Conclusions
We produced a closed-form algorithm and useful equation that
permits easy calculationof the range, range rate, and range accelera-
tion for the case of an inclined GEO satellite. We showed two meth-
ods to achieve the same results for finding the maximum range rate.
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Variational Calculus and Approximate
Solutions of Algebraic Equations
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Introduction

HE thrust of this Note is the derivation of the equations that

are to be solved for an approximate analytical solution of an
algebraicequationinvolvinga small parameter, the algebraic pertur-
bation problem. The usual procedureis to recognize that the solution
can be expressedin a power series of the small parameter, substitute
the series into the algebraic equation,expandin a Taylor series, and
equate the coefficients of the powers of the small parameter to zero.
This process leads to the equations for the zeroth-order part of the
solution, the first-order part, and, so on.

In association with parameter optimization,' it has been shown
that the Taylor series process is equivalent to a differential pro-
cess called variational calculus. A variation is a small but finite
displacement, its symbol behaves like a differential, and variations
of independent variations are zero whereas variations of dependent
variations are not zero. Variational calculus has been applied to the
initial value problem of ordinary differential equations.? Perturbed
paths have been generated by perturbing the initial conditions or a
small parameter in the differential equation.

In this Note, variationalcalculusis establishedfor algebraicequa-
tions. The expansion process and the variational process are both
used to derive the equations for the zeroth-order part, the first-order
part, etc., of the algebraic perturbationproblem of Kepler’s equation
with small eccentricity. The efforts required by both processes are
compared.

Although only a scalar equation is considered here, the varia-
tional process can be applied to vector equationsif indicial notion is
employed. Matrix notation can be employed if only the first-order
correction to the zeroth-ordersolution is being sought.

Taylor Series Expansions and Variational Calculus

In this section it is shown that Taylor series expansions can be
created on a term by term basis by a differential process called
variational calculus. To do so, consider the scalar equation

y=F(x) )]

which is shown schematicallyin Fig. 1. In this formulation, x is the
independent variable, and y is the dependent variable. Consider the
nominal pointx, y and the perturbed or neighboring point x, y.. If
the symbol A denotes a small but finite change, a displacement, the
coordinatesof the perturbedpointarex, =x + Ax andy, =y + Ay.
For a given Ax, it is desired to find Ay. From y, = F(x,), it is seen
that

y+ Ay = F(x + Ax) (2)

Received 26 June 2000; revision received 13 December 2000; accepted

for publication 13 December 2000. Copyright © 2001 by David G. Hull.
Published by the American Institute of Aeronautics and Astronautics, Inc.,
with permission.

*M. J. Thompson Regents Professor, Department of Aerospace Engineer-
ing and Engineering Mechanics.



